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Introduction

This Mathematical Formulae handbook has been prepared in response to a request from the Physics Consultative
Committee, with the hope that it will be useful to those studying physics. It is to some extent modelled on a similar
document issued by the Department of Engineering, but obviously reflects the particular interests of physicists.
There was discussion as to whether it should also include physical formulae such as Maxwell’s equations, etc., but
a decision was taken against this, partly on the grounds that the book would become unduly bulky, but mainly
because, in its present form, clean copies can be made available to candidates in exams.

There has been wide consultation among the staff about the contents of this document, but inevitably some users
will seek in vain for a formula they feel strongly should be included. Please send suggestions for amendments to
the Teaching Committee, and they will be considered for incorporation in the next edition. The Teaching Committee
will also be grateful to be informed of any (equally inevitable) errors which are found.

This handbook was compiled by Dr John Shakeshaft and typeset originally by Fergus Gallagher, and currently by
Dr Dave Green, using the TEX typesetting package.

Version 2.6 July 2024.
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Physical Constants

Based on the 2018 CODATA recommended values. The figures in parentheses give the 1-standard-deviation uncer-
tainties in the last digits. See Newell, D. B. et al. 2018, Metrologia, 55, L13-L16 (d0i:10.1088 /1681-7575/aa950a).

speed of light in a vacuum c 2.997 924 58 x 108 m s~ ! (by definition)
permeability of a vacuum Ho 1.256 637 062 12(19) x 107 ® N A2

~4nx 107/ N A2
permittivity of a vacuum € 8.854 187 8128(13) x 10 12 Fm™!
elementary charge 1.602 176 634 x 10~ C (by definition)
Planck constant 6.626 070 15 x 10734 s (by definition)
h/2m 1.054 571 817... x 10734 J s
Avogadro constant Ny 6.022 140 76 x 10%3 mol~! (by definition)
unified atomic mass constant ~ m,  1.660 539 066 60(50) x 10727 kg
mass of electron m,  9.109 383 7015(28) x 103! kg
mass of proton m,  1.672 621923 69(51) x 10727 kg
Bohr magneton eh /47, s 9.274 010 0783(28) x 10724 7T~}
molar gas constant R 8.314 462 618... JK ! mol~!
Boltzmann constant kg 1.380 649 x 10723 ] K1 (by definition)
Stefan-Boltzmann constant o 5.670374419...x 1078 Wm 2 K™*
gravitational constant G 6.674 30(15) x 1011 N m? kg2
Other data
acceleration due to gravity g 9.806 65 m s~ 2 (standard value)




1. Series

Arithmetic and Geometric progressions

A.P. S,,:a+(a+d)+(a+2d)+~~~+[a+(n—1)d]:g[Za—i—(n—l)d]

1 — "
G.P Sn:a+ar+a72+---+ar”_l:al_rr, (Sm—& for|r|<1>

(These results also hold for complex series.)
Convergence of series: the ratio test

Up4+1
Uy

Sp=u1+uy+uz+---+u, convergesas n —oo if lim <1

n—o0

Convergence of series: the comparison test

If each term in a series of positive terms is less than the corresponding term in a series known to be convergent,
then the given series is also convergent.

Binomial expansion

-1 -1 -2
(1+x)”:1+nx+n(n2' )x2+n(n 3)'(” )x3+~~~

. . . . n
If n is a positive integer the series terminates and is valid for all x: the term in x" is "C,x" or (r) where "C, =
A=)l is the number of different ways in which an unordered sample of r objects can be selected from a set of
ri(n—r)!
n objects without replacement. When # is not a positive integer, the series does not terminate: the infinite series is
convergent for |x| < 1.

Taylor and Maclaurin Series

If y(x) is well-behaved in the vicinity of x = a then it has a Taylor series,
dy u?d?y u*d3y
y) = yla+u) =yl +ugl + 5T E+ BT
where u = x — a and the differential coefficients are evaluated at x = a. A Maclaurin series is a Taylor series with
a=20,
B dy x?d?y x*d3y
Y =y O gt e T arae T

Power series with real variables

x? X"

e’ :1+x+g+~‘+ﬁ+~‘ valid for all x
x2 .xB ’ XM

ln(1+x):x—?+?—|—~~~+(—1)”+17+--- valid for -1 < x <1
ix —ix 2 4 6

Ccos x :%:1—%+%—%+--- valid for all values of x
ix _ 4—ix 3 5

sin x :%:x—%—l—%—i—--- valid for all values of x
1 2

tanx :x+§x3+ﬁx5+~- Validfor—§<x<g
¥x

tan ' x :x—?—l—g—--- valid for -1 < x <1
1x> 13x°

sin~!x :x+§%+ﬁ%+~~ valid for -1 <x <1




Integer series

- N(N+1

Y n :1+2+3+~~~+N:7( 2"")

1

N N(N+1)(2N +1

Y =1"+2243%+.. -+ N> = (N + 2( +1)

1

S N2(N +1)2
Zn3:13+23+33+~~~+N3:[1+2+3+~~~N]2:7( 4+ )

1

00 1n+1 1 1 1

21:( n) :1—§+§—Z+---:ln2 [see expansion of In(1 + x)]
o (_1 n+1 1 1 1

;(2,,1_1 :1_5'*'5_5"‘“‘:% [see expansion of tan™ ' x]
il—l-i-l—i-l—i-l-i- —7-[_2

> 49 16 6

N N(N+1)(N+2)(N+3

S n(n+1)(n+2) =123+ 234+ -+ N(N + 1)(N 4 2) = YN -+ J(N +3)

1

This last result is a special case of the more general formula,

N(N+1)(N+2)...(N+7r)(N+r+1)
r4+2 '

N
Ynn+1)(n+2) . (n 1) =

Plane wave expansion

o0

exp(ikz) = exp(ikrcos 6) Z (21 4 1)i'j;(kr) Py(cos 6),

where P;(cos 0) are Legendre polynomials (see section 11) and j;(kr) are spherical Bessel functions, defined by

=, / ]1 +1,(p), with Ji(x) the Bessel function of order [ (see section 11).

2. Vector Algebra

If i, j, k are orthonormal vectors and A = Ai + Ayj + A.k then |A|> = A2 + A} + AZ. [Orthonormal vectors =
orthogonal unit vectors.]

Scalar product

A-B = |A||B|cos6 where 0 is the angle between the vectors

= AB,+ AyB, + A,B, = [A;A/A: ]

[seJies S|
NS R
.

Scalar multiplication is commutative: A - B = B - A.

Equation of a line

A point r = (x, y, z) lies on a line passing through a point a and parallel to vector b if

r=a-+ Ab

with A a real number.




Equation of a plane
A point ¥ = (x, y, z) is on a plane if either
(@r- d= |d|, where d is the normal from the origin to the plane, or

(b) % + % + % = 1 where X, Y, Z are the intercepts on the axes.

Vector product

A x B = n|A||B|sin 0, where 0 is the angle between the vectors and n is a unit vector normal to the plane containing
A and B in the direction for which A, B, n form a right-handed set of axes.

A X B in determinant form A X B in matrix form
i ] k 0 _Az Ay Bx
Ay Ay A, A, 0 —A«||By
B, B, B, -A, Ay 0 B,
Vector multiplication is not commutative: A x B = —B x A.
Scalar triple product
Ay Ay A,
AxB-C=A-BxC=|By B, B,|=—-AxC-B, etc
G C C

Vector triple product

Ax(BxC)=(A-C)B—(A-B)C, (AxB)xC=(A-C)B—(B-C)A

Non-orthogonal basis

A = Ajer + Azer + Azes
ey X e3

Ai=€-A where = — = _
el (82 X €3)

Similarly for A; and As.

Summation convention

a = a;e; implies summation overi =1...3
a-b = aibi
(a x b); = &jxajby where €103 = 1; &k = —é€ij

Eijk€kim = Oit®jm — Oimbiji




3. Matrix Algebra

Unit matrices

The unit matrix I of order # is a square matrix with all diagonal elements equal to one and all off-diagonal elements
zero, i.e., (I)ij = §jj. If Ais a square matrix of order n, then AI = [A = A. Also I = -
I is sometimes written as I, if the order needs to be stated explicitly.

Products

If Aisa (n x ) matrix and B is a (I x m) then the product AB is defined by

1
(AB),']' = Z AikBkj
k=1

In general AB # BA.

Transpose matrices

If A is a matrix, then transpose matrix A" is such that (A”);; = (A).

Inverse matrices

If A is a square matrix with non-zero determinant, then its inverse A~ is such that AA™' = A7'A = I.
transpose of cofactor of A;;
A

where the cofactor of A;;is (—1 ) times the determinant of the matrix A with the j-th row and i-th column deleted.

(AN =

Determinants

If A is a square matrix then the determinant of A, |A| (= det A) is defined by

Al =) eijp. AriAzjAsz. ..
iR

where the number of the suffixes is equal to the order of the matrix.

2x2 matrices

IfA= (a b> then,
c d

_ _ T__(a ¢ _1_L d -b
|A| =ad — be A_<b d> A _|A|<—c a>

Product rules
(AB...N)T = NT...BTAT
(AB...N)"'=N"1...B71A"! (if individual inverses exist)
|AB...N| = |A]||B|...|N| (if individual matrices are square)

Orthogonal matrices

An orthogonal matrix Q is a square matrix whose columns g; form a set of orthonormal vectors. For any orthogonal
matrix Q,

Q'=Q", |Q=%+1, QTisalso orthogonal.




Solving sets of linear simultaneous equations

If A is square then Ax = b has a unique solution x = A~'b if A~! exists, i.e., if |A| # 0.
If A is square then Ax = 0 has a non-trivial solution if and only if |A| = 0.

An over-constrained set of equations Ax = b is one in which A has m rows and 7 columns, where m (the number
of equations) is greater than n (the number of variables). The best solution x (in the sense that it minimizes the

error |Ax — b)) is the solution of the n equations AT Ax = Ab. If the columns of A are orthonormal vectors then
x=A"b.

Hermitian matrices

The Hermitian conjugate of A is At = (A*)T, where A* is a matrix each of whose components is the complex

conjugate of the corresponding components of A. If A = AT then A is called a Hermitian matrix.

Eigenvalues and eigenvectors

The n eigenvalues A; and eigenvectors u; of an n x n matrix A are the solutions of the equation Au = Au. The
eigenvalues are the zeros of the polynomial of degree n, P,(A) = |A — AlI|. If A is Hermitian then the eigenvalues
A; are real and the eigenvectors u; are mutually orthogonal. |A — AI| = 0 is called the characteristic equation of the
matrix A.

TrA:ZAi, also|A| =[] A
i i
If S is a symmetric matrix, A is the diagonal matrix whose diagonal elements are the eigenvalues of S, and U is the
matrix whose columns are the normalized eigenvectors of A, then
usu=A and S=UAU".

If x is an approximation to an eigenvector of A then x” Ax/(x"x) (Rayleigh’s quotient) is an approximation to the
corresponding eigenvalue.

Commutators
[A, B] = AB - BA
[A,B] = —[B,A]
(A BT =[BT, AT]
[A+B,C] =[A,C]+[B,C]
[AB,C] = A[B,C]+[A,C|B
(A

,[B,ClI+[B,[C, A]l + [C, [A,B]] = 0

Hermitian algebra

bl = (b7, 05,..)

Matrix form Operator form Bra-ket form
Hermiticity b -A-c=(A-b)-c /w*od) - /(ow)*¢ (W|o|e) = (60T [)*
Eigenvalues, A real Au; = Ajyu; OY; = Ay O i) = A; |i)
Orthogonality ui-uj=0 /ll)?ll)j =0 (iljy=0 (@ #]))

Completeness b= Zu,-(u,- -b) ¢ = le)i (/ 11)1'*05) ¢ = Z 1) (il )

Rayleigh—Ritz

b*-A-b /lPOl.b
oobb [

N

(Y[O]y)
Ao = Ty

Lowest eigenvalue Ao




Pauli spin matrices

0 1 0 —i 1 0
=01 0ol7 %7 |i ol %70 -1

0x0y = 10, 0,07 = 10y, 0,0y = i0oy, 0x0y = 0,0y = 0,0, = I

4. Vector Calculus

Notation

¢ is a scalar function of a set of position coordinates. In Cartesian coordinates z
¢ = ¢(x,y,2); in cylindrical polar coordinates ¢ = ¢(p, ¢, z); in spherical

polar coordinates ¢ = ¢(r,0, p); in cases with radial symmetry ¢ = ¢(r). ~
A is a vector function whose components are scalar functions of the position
coordinates: in Cartesian coordinates A = iA, + jA, + kA, where A, Ay, A,
are independent functions of x, y, z.

o r
0x
. . iian .0 .0 Jd _|d 0
In Cartesian coordinates V (‘del’) = s + ]ay + kaz = |5y
d
2 )
0z 2

L - ~

grad¢ = Vo, divA=V-A, curl A=V x A

Identities
grad(¢1 + ¢2) = grad ¢1 + grad ¢, div(A; + Az) = divA; + divA;
grad(¢i1¢2) = ¢1 grad ¢, + ¢, grad ¢,
curl(A, + A,) = curl A; + curl A,
div(¢A) = ¢pdivA + (grad @) - A, curl(pA) = pcurl A + (grad¢p) x A
div(A; X Ay) = Ay -curl A; — A; - curl A
curl(A; X Ay) = A1 divA; — Ay div A; + (A, - grad)A; — (A - grad)A,
div(curl A) =0, curl(grad ¢) =0
curl(curl A) = grad(divA) — div(grad A) = grad(divA) — V?A

grad(A; - Ay) = Ay X (curl Ay) + (Aq - grad)A, + A x (curl A7) + (A, - grad)A;




Grad, Div, Curl and the Laplacian

Cartesian Coordinates Cylindrical Coordinates Spherical Coordinates
Conversion to . X =rcos@sin® y=rsingsind
Cartesian X =pcosp y=psme z=z z=rcos0
Coordinates
Vector A Avi+ Ayj+ Ak AP+ Ay + A2 AT+ AgB + A,
. op. JdPp . JI¢P op. 10p_. P, op.. 10p~ 1 99
Gradient —i+—j+ =k —p+ —=— —= it 4 -
radient V¢ 8xl+ayl+ 32 app+Pa(P(p+azz ar’ 738 +rsin9&)<p(p
1 9(*A)) 1 JAgsinf
Divergence 0Ax | 0A, A, 1d(pAp) | 104,  JA; 2 or rsin@ 00
V-A ox Yy 0z o Jdp p 0p 0z 1 04,
rsin @ W
. 1. . 1. 1 1 ~ 1
i k - -z 7 -
5 E]) 3 Pp ¢ P rzsiner 7sin 6 r
A Ay M dp 0p oz or 90 3
x Ay Az A, pA, A. A, rAg rAysing
10 [ ,0¢ 1 9 (/. 3¢
. = |r= )+ 55— (sinb=—
Laplacian 2P 0% N °p 19 < a¢) N 1 9%¢ N ¢ | rPor \| or r* sin 6 00 90
V2 x> Ay 2 pap\"ap) " o o2 1 ¢
r? sin? 0 g

Transformation of integrals

L = the distance along some curve ‘C’ in space and is measured from some fixed point.

S = a surface area

T = a volume contained by a specified surface

t = the unit tangent to C at the point P

n = the unit outward pointing normal

A = some vector function

dL = the vector element of curve (= t dL)

dS = the vector element of surface (=

Then /A.?dL:/A.dL
C C
and when A = V¢

[(vé#)-aL= [ do

Gauss’s Theorem (Divergence Theorem)

n ds)

When S defines a closed region having a volume T

[V ayde= [(a-myds= [ads

also

/T(Vd))d’(:/sqbds

/T(VXA)dT:/

(nx A)dS




Stokes’s Theorem

When C is closed and bounds the open surface S,

/S(VXA)-dS:/CA-dL

also

/S(ﬁwa)dsz/ccde

Green’s Theorem

/St,bqu~dS:/TV~(1,bqu)dT
= [[Wv*0+ (V) (V)] dr

Green'’s Second Theorem

/T(LL‘VZ(;[J — d’Vzlp) dt = / [W(V) — ¢p(VY)] - dS

S

5. Complex Variables

Complex numbers

The complex number z = x + iy = r(cos 0 + isin 8) = re!®2"™ where i* = —1 and 7 is an arbitrary integer. The
real quantity r is the modulus of z and the angle 6 is the argument of z. The complex conjugate of zis z* = x —iy =
i

r(cos@ —isin®) =re Y 22" = |z)? = x® + 4

De Moivre’s theorem

(cos 8 +isin@)" = " = cosnf + isinnod

Power series for complex variables.

2 n
e’ Sz o convergent for all finite z
2! n!
3 5
i Iz for all finite z
sinz =z 30 + 51 convergent for a
2 g -
Cosz =1- CTRATR convergent for all finite z
2 7
Inl1+z)=z- St principal value of In(1 + z)
This last series converges both on and within the circle |z| = 1 except at the point z = —1.
tan~ !z —z—i-i-i—”‘
B 3 5

This last series converges both on and within the circle |z| = 1 except at the points z = =i.
(n—1) , nn—-1)(n—-2) 4

o z° 4+ 30 z" +
This last series converges both on and within the circle |z| = 1 except at the point z = —1.

(1+2)" =1+nz+ 2




6. Trigonometric Formulae

cos? A+sin?A=1

sec?A —tan’A =1

sin2A = 2sin Acos A cos2A = cos’? A —sin’ A

sin(A + B) = sin A cos B + cos Asin B

cos(A + B) = cos Acos B F sin Asin B

tan A & tan B
A+B)= ——
tan( ) 1 Ftan Atan B
sinA +sinB = 25inA+BcosA_B
2 2
sinA —sinB = 2cosA+BsinA_B
2 2
A+ B A—B
cos A+ cosB = 2cos + cos
2 2
A+ B A—B
cos A — cos B = —2sin —; sin 5

cos AcosB =

sinAsinB =

sin AcosB =

cos? A =

sin? A =

cos® A =

sin A =

cosec? A —cot? A=1
2tan A

tan2A = -
1—tan“ A

cos(A + B) + cos(A — B)

2

cos(A — B) — cos(A + B)

2

sin(A + B) + sin(A — B)

2

1+ cos2A
2
1 —cos2A
2
3cos A+ cos3A
4
3sin A —sin3A
4

Relations between sides and angles of any plane triangle

In a plane triangle with angles A, B, and C and sides opposite 4, b, and c respectively,

a b
sinA sinB sinC

a?> = b* + c* — 2bccos A

a=>bcosC+ccosB

b2 2 2
cosA:%
2 a+b 2

= diameter of circumscribed circle.

1. 1, . 1 .
area = EabsmC = EbcsmA = 5ca sinB = \/s(s —a)(s—Db)(s—c¢), where s =

Relations between sides and angles of any spherical triangle

In a spherical triangle with angles A, B, and C and sides opposite 4, b, and c respectively,

sina sinb sinc¢

sinA  sinB  sinC

cosa = cosbcosc + sinbsinccos A

cos A = —cosBcosC + sinBsinC cosa

1
2

(a+b+c)

10



7. Hyperbolic Functions

1, o x*  xt
coshxfi(e +e™) 1—1——2' tot
. 1 o ¥ x
s1nhx—§(e—e )—X+§+§+

coshix = cosx

sinhix =isinx

sinh x
tanhx =

cosh x

cosh x
cothx = —

sinh x

cosh?x — sinh?>x = 1

xr
sinh z
Relations of the functions
sinhx = —sinh(—x)
coshx = cosh(—x)
tanhx = —tanh(—x)
sinh x — 2tanh (x/2) _ tanh x

1 — tanh? (x/2)

tanhx =14/1-— sech? x
cothx =1/ cosech?x + 1

sinh(x/2) = ,/Lhzx —1

coshx —1 sinh x
h 2 = =
tanh(x/2) sinh x coshx +1

\V1-— tanh? x

sinh(2x) = 2 sinh x cosh x

valid for all x

valid for all x

cosix = cosh x

sinix = isinh x

1
sechx =
cosh x
1
cosechx = —
sinh x

For large positive x:
eX

coshx ~ sinhx — 5

tanhx — 1

For large negative x:

—X

. e
coshx ~ —sinhx —

tanhx — —1

sechx = sech(—x)
cosech x = — cosech(—x)
cothx = —coth(—x)
2
cosh x — 1+ tanh” (x/2) _ 1

1 — tanh?® (x/2)

sechx =14/1-— tanh? x
cosechx = 1/ coth?x — 1

h 1
cosh(x/2) =1/ %

2 tanh x
1 + tanh? x

\V1-— tanh? x

tanh(2x) =

cosh(2x) = cosh® x + sinh? x = 2cosh’x — 1 = 1 + 2sinh? x

sinh(3x) = 3sinhx + 4sinh® x

_ 3tanhx + tanh® x
1+ 3tanh®x

tanh(3x)

cosh3x = 4 cosh® x — 3cosh x

11



sinh(x &+ y) = sinh x cosh y £ cosh x sinh y

cosh(x + y) = coshxcoshy £ sinh xsinh y

tanh x + tanh y
tanh(x £ y) = 1+ tanh x tanh y

N

X —

<

sinhx + sinh y = 2sinh <x—;—_y> cosh (x _ y) coshx 4 cosh y = 2 cosh (x * y) cosh (x ; y)

sinh x — sinh y = 2 cosh <x—£_y> sinh ( ) coshx — coshy = 2sinh

N

1+ tanh (x/2)
1 F tanh(x/2)
sinh(x + y)
cosh x cosh y
sinh(x + )
sinh x sinh y

sinh x &= coshx = £ = +et*

tanhx £+ tanhy =

cothx £ cothy = &+

Inverse functions

L1 X x+ Vx%+a?
sinh Ezln —

for —oco < x < oo

cosh™ =In forx >a
a

X (x—i—\/xz—az)

a+x
) for x* < a?

xX+a
) for x* > a?

2
sechlf—ln(g—k a—z—l) for0<x<a
a X x

2
cosechlg—ln(%—k a_2+1) forx #0

8. Limits

n‘x" — 0asn — oo if |x| < 1 (any fixed c)
x"/n! — 0asn — oo (any fixed x)

(1+x/n)" — e*asn — oo, xInx - 0asx — 0

If f(a) = g(a) =0 then lim fx) = fa) (I'Hopital’s rule)

= g(x)  g'(a)

12



9. Differentiation

., , u\’  uo—uv
(wo) =v'o+uv', (=) =—5—
0 [

(uv)(”) — u(”)v + nu("il)v(l) + P + ncru(nfr)v(” + R + uv(")

!
where "C, = o™
r ri(n—r)!
. d .
a(sm X) =cosx a(smh x) = coshx
%(cos x) = —sinx %(cosh x) =sinhx
d ol d _ 2
a(tan X) =sec x a(tanh x) =sech”x
a(sec X) =secxtanx a(sech x) = —sechxtanhx
% (cotx) = — cosec?x %(coth x) = —cosech®x
d d
a(cosec x) = — cosec x cot x a(cosech x) = — cosech x coth x

10. Integration

Standard forms

1
/e’”dx :Ee‘”‘—kc
2 1
/xlnxdx:x?(lnx—§>+c
1 1 X
dx =—-tan! (=
/a2+x2 X p an (a>+c
1 1 1 /X 1 a+x
d “tanh ! (= =1
/az_xz x Pt (a)+c 2an<a—x)+c

1 1 (X 1 xX—a
/xz—azdx —Ecoth (E)+C_Eln<x+a>+c

/ ad dx = -1 ! +c
(xz iaZ)n - 2(1/1 _ 1) (xz :l:a2)n71

x 1
Y 4 = I+ +
/x2 5 dx 2n(x a*) +c¢

x
/xe”x dx = e™ (— -
a

dx = sin™! (g) +c

dlen(x—i-\/xzj:az)—l—c

| 7=
v

[ m=
/\/a2 —x2dx = % [xx/a2 —x2+a%sin! (g)} +c

=vVx2ta2+c

1
22

—dx =lInx+c /lnxdx:x(lnx—l)—i-c

)+

Leibniz Theorem

forn # —1

for x* < a?
for x> > a°

forn # 1

13



/0 1+x dx =
/Docos :/Dosin(xz) dx = 1\/E
0 0 2V 2

/OQ exp(—x2/20%) dx = 0V/2n

7T COSeC Pt

8

0
/sinxdx = —cosx+c
/cosxdx =sinx +¢

/tanx dx =

/Cosecx dx = In(cosecx — cotx) + ¢

—In(cosx) + ¢

/secx dx =In(secx+tanx)+c

/cotx dx =In(sinx)+c

sin(m —n)x

00 1x3x5x---
/ x" exp(—x*/20?) dx =

(n—1)0""V2n

/sinhxdx = coshx+¢
/coshxdx =sinhx +c¢

/tanhx dx =In(coshx)+c

/cosechx dx = In [tanh(x/2)] + ¢

/sechx dx =2tan"'(e") +c

/cothx dx =In(sinhx)+c¢

sin(m + n)x

/sin mxsinnx dx =

2(m —n) 2(m+n)
/cos mx cos nx dx = S n)x | sin(m+n)x +c
2(m —n) 2(m+n)
Standard substitutions
If the integrand is a function of: substitute:

(a — x?) or v/ a% — x2 x =asin6orx =acosd
(x* +a r v x2 + a? x =atanfor x = asinh 6
x —a?) or V/x2 — a2 x =asecBorx =acosh©

forp <1

for n > 2 and even

forn > 1 and odd

if m?> # n?

if m? # n?

If the integrand is a rational function of sin x or cos x or both, substitute t = tan(x/2) and use the results:

2t 1—+#
P COSXx = > X =
14t 14t

sinx =

If the integrand is of the form:  substitute:
/ dx X tg— i
(ax+b)\/px+q prTe

/ dx ax+b:1.
( u

ax +b)\/px®> +qx+r

2 dt

142

14



Integration by parts

b b
/udv:uv —/ v du

Differentiation of an integral

b

a

If f(x, @) is a function of x containing a parameter « and the limits of integration 2 and b are functions of « then

d b db da b(a) 9
@/am) f(x,a) dx = f(b,a) 5 — fla, oc)aju/m) = f(x, ) dx.
Special case,

< [ Fw) dy = 5.

Dirac 5-“function’

1 o .
S(t—1) = oy /_Oo expliw(t — 7)] dw.
If f(t) is an arbitrary function of ¢ then /OO S(t—1)f(t) dt = f(1).

6(t):01ft7é0,also/oo 5(t) dt = 1

— 00

Reduction formulae
Factorials

nl=nn-1)n-2)...1, 0r=1.

Stirling’s formula for large n:  In(n!) = nlnn — n.

For any p > —1,/ xPe ™ dx = p/ xP~le ™ dx = pl. (=) = /7, (12)! = vV, etc.
0 0
(1 x) pia!
For any p,q > —1,/0 2P (1—x)Tdx = TEYESIE
Trigonometrical

If m, n are integers,
n—1
m-+n

m—1
m+n

/2 /2 /2
/ sin™ 6 cos" 0 d6 = / sin"™ 20 cos" 0 do = / sin™ @ cos" 20 do
0 0 o

and can therefore be reduced eventually to one of the following integrals

/2 1 /2 /2 /2 T
/ sin0 cos0.do = —, / sin0do =1, / cos0do =1, ="
0 2 0 0 0 2
Other
If I —/oox”ex (—ax?) dx then I —wl I . I _ 1
n = 0 P n = o n—2s O—2 o 1_206.

15



11. Differential Equations

Diffusion (conduction) equation

L —
g—KVIIJ

Wave equation

1 9%y
Vi = - —
v c? of?

Legendre’s equation

2

d d
(1- xZ)d—xZ - 2xd—z FI(1+1)y =0,

I
solutions of which are Legendre polynomials Pj(x), where Pj(x) = —/— (i) (x* = 1)1, Rodrigues’ formula so
) !
Py(x) =1, Pi(x) = x, Py(x) = E(sz —1) etc.

Recursion relation

1
P(x) = 7 [(21 = 1)xP_1(x) — (I = 1)P_a(x)]
Orthogonality
1 2
[1 PI(X)PI/(X) dx = méll/

Bessel’s equation
d’y , dy

2— [
Y32 T

solutions of which are Bessel functions J,,(x) of order m.

+(x*—m*)y =0,

Series form of Bessel functions of the first kind

© (_1 k x/2 m+2k
R

k=0
The same general form holds for non-integer m > 0.

(integer m).

16



Laplace’s equation

V2u =0

If expressed in two-dimensional polar coordinates (see section 4), a solution is
u(p, @) = [Ap" + Bp "] [Cexp(ing) + D exp(—ing)]

where A, B, C, D are constants and n is a real integer.

If expressed in three-dimensional polar coordinates (see section 4) a solution is
u(r,0,¢) = [Ar' + Br "V P [Csinme + D cos me]

where | and m are integers with | > |m| > 0; A, B, C, D are constants;

|
d(%s@)] Py(cos 0)

is the associated Legendre polynomial.

P"(cos ) = sinl™ @ [

PY(1) = 1.
If expressed in cylindrical polar coordinates (see section 4), a solution is

u(p, @,z) = Ju(np)[Acosme + Bsinme] [Cexp(nz) + D exp(—nz)]

where m and n are integers; A, B, C, D are constants.

Spherical harmonics

The normalized solutions Y;"(6, ) of the equation

1 9 /. .0 1 7., _

are called spherical harmonics, and have values given by

_ | _ -
Ylm(e, (p) — \/2[ + 1 LWD;PIM(COSB) elmtp % { (—1) form 2 0

4rc (1+ |m])! 1 form < 0
1 3 )
ie., Yg =1/ Py Y? =1/ % cos B, Ylil = T4/ o sin 0 e*1?, etc.

Orthogonality

/ YYE dQ = Sy S
4

12. Calculus of Variations

b F oF
The condition for I = / F(y,y,x) dx to have a stationary value is oF = d — |, where i/
a dy  dx \dy

Euler-Lagrange equation.

= ﬂ This is the
dx

17



13. Functions of Several Variables

Ifp=f(x,y,z...) then 99 implies differentiation with respect to x keeping y, z, . . . constant.

ox
_ 941 904, 9 ~ 95y 95, 4 90
d¢ = 8xdx+ 8ydy+ aZdz+ and oS¢~ ax6x+ ayéy—i— azéz+

when the variables kept

Yroo

d d d
where x, 1, z,... are independent variables. 9 is also written as 90 or 90
ox ox /, ox

constant need to be stated explicitly.

P _ PP
0xdy  Jyox €

If ¢ is a well-behaved function then tc.

It = flx,y),

(5),- (ai)y' (5), &), (55). -

¢
Taylor series for two variables

If ¢(x, y) is well-behaved in the vicinity of x = 4, y = b then it has a Taylor series

_ _ 9 b 1 (¥ 7P | P
¢(x,y)—¢(a+u,b+v)—¢(a,b)+uax +Uay +2! <u 02 +2uvaxay+v o +

where x = a 4+ u, y = b + v and the differential coefficients are evaluated atx =a, y=1>

Stationary points
o . . P I P Fp  Fp .
A function ¢ = f(x, y) has a stationary point when ax dy 0. Unless o 8—]/2 =% — 0, the following
conditions determine whether it is a minimum, a maximum or a saddle point.
. P’ P’
Minimum: ﬁ >0, or a—yz > 0, 3247 3247 3247 2
) 2 o ooy
Maximum: — < 0, or — < 0, Y
ox oy
P00 (PN
Saddle point: Fw 8—y2 < (ax 8y>

P *p ¢ . L . . o
f—=-—== = 0 the character of the turning point is determined by the next higher derivative.
ox* 9y  0xdy

Changing variables: the chain rule

If ¢ = f(x,y,...) and the variables x, y, . .. are functions of independent variables u, v, . .. then

20 _abax ooy
ou  dxdu  Jy du
0 dpox g dy

v oxdov oy

etc.

18



Changing variables in surface and volume integrals — Jacobians

If an area A in the x, y plane maps into an area A’ in the u, v plane then

o
/Af(x,y) dx dy = /Alf(u,v)] dudv where J= ?)_; g_;
ou Jv
The Jacobian | is also written as ggz' ‘Z ; . The corresponding formula for volume integrals is
ou Jdv Jw
/f(x,y,z)dxdydz:/ f(u,v,w)] dudvdw  wherenow ] = Wy 9y 9y
v 14 ou Jdv Jw
2 o o
ou Jdv Jw

14. Fourier Series and Transforms

Fourier series

If y(x) is a function defined in the range —m < x < 7t then

M M
y(x) = co+ Z Cm COS MX + Z S sin mx
m=1 m=1

where the coefficients are

1 Y
co = ﬂlﬂy(x) dx
1 T

Cm = %/_ﬂy(x) cosmx dx

Sm = 1 /7T y(x) sinmx dx

T J—m
with convergence to y(x) as M, M’ — oo for all points where y(x) is continuous.
Fourier series for other ranges

Variable t, range 0 < t < T, (i.e., a periodic function of time with period T, frequency w = 27t/ T).

y(t) ~co+ Zcm cos mwt + Zsm sin mwt

where
w [T d w (T d w [T . d
co = ﬂ/o y(t)dt, cm= E/o y(t) cosmwt dt, s, = F/o y(t) sinmewt dt.
Variable x, range 0 < x < L,
2 2
y(x) = co+ Y cmcos X L Y susin e
where
1 /L 2 (L 2mmx 2 L . 2mTmx
co = Z/o y(x)dx, c¢u= Z/o y(x) Cos —— dx, su= Z/o y(x) sin T dx.




Fourier series for odd and even functions

If y(x) is an odd (anti-symmetric) function [i.e., y(—x) = —y(x)] defined in the range —mt < x < m, then only

Al

us
sines are required in the Fourier series and s,, = / y(x)sinmx dx. If, in addition, y(x) is symmetric about
0

/2

x = m/2, then the coefficients s,, are given by s,, = 0 (for m even), s,, = %/ y(x) sinmx dx (for m odd). If
0

y(x) is an even (symmetric) function [i.e., y(—x) = y(x)] defined in the range —m < x < 7, then only constant

1 yUs 2 Ys
and cosine terms are required in the Fourier series and ¢y = - / y(x) dx, cm = = / y(x) cosmx dx. If, in
0 0

addition, y(x) is anti-symmetric about x = g, then ¢y = 0 and the coefficients c,, are given by c,, = 0 (for m even),
4 [7/2
Cn =~ / y(x) cos mx dx (for m odd).
0

[These results also apply to Fourier series with more general ranges provided appropriate changes are made to the
limits of integration.]

Complex form of Fourier series

If y(x) is a function defined in the range —mt < x < 7t then
M . 1 /= .
y(x)N_ZA:ACme , Cp= ﬂﬁﬂy(x)e dx

with m taking all integer values in the range =M. This approximation converges to y(x) as M — oo under the same
conditions as the real form.

For other ranges the formulae are:
Variable t, range 0 < t < T, frequency w = 2m/T,

- imw w T —imw
y(t) = Zcme !, Cm:E o y(t)e tdt.

Variable x’, range 0 < x' < L,
1

0 L
_ i2mmnx' /L _ —i2mmx'/L
y(x’)—goCme /L, Cm_Z/() y(x)e /L dx'.
Discrete Fourier series

If y(x) is a function defined in the range —m < x < 7 which is sampled in the 2N equally spaced points x, =
nx/N [n=—(N—1)...N], then

y(xn) = co + c1cosx, + 2 €082x, + - - - + cn—1cos(N — 1)x, + cn cos Nx,

+sy1sinx, + spsin2x, + -+ -+ + sy—1sin(N — 1)x, + sy sin Nx,

where the coefficients are
0 = 5 (o)
cm:%Zy(xn)cosmxn (m=1,...,N—1)
N = % Y y(xn) cos N,
sm:%Zy(xn)sinmxn (m=1,...,N—1)

1 )
SN = 53 Zy(xn) sin Nx,,

each summation being over the 2N sampling points x,.
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Fourier transforms

If y(x) is a function defined in the range —co < x < oo then the Fourier transform y(w) is defined by the equations

v =5 [ g do, g = [

y(t)e '@t dt.

If w is replaced by 27tf, where f is the frequency, this relationship becomes

vt = [~ e af,

If y(t) is symmetric about t = 0 then
1

y(t) == /oQ Y(w) cos wt dw,
TJo

If y(t) is anti-symmetric about t = 0 then

y(t) = l/ Jlw)sinwt dw,  Fw) = 2/ Y
7T .Jo 0
Specific cases
Y
a
t
. +7
y(t)=a, || <7 (“Top Hat’")
=0, |t|>7 /
Y
t
e +7
y(t) =a@ —tl/7), =TV s oot
—0, it >
Y
t

y(t) = exp(—t*/t3) (Gaussian),

y(t) = f(t) " (modulated function),

y(t) = i 5(t —mt) (sampling function)

m=—00

pw) =2 ["

i) = [yt
y(t) cos wt dt.

(t) sinwt dt.

Y
N
Y(w) = 2a smwa = 2atsinc(wT)
_ sin(x)
where sinc(x) = »
Y
w
Y(w) = 2_a(1 — cos wt) = a1 sinc? (ﬂ)
Y w’t 2
Y
w

7(w) = toy/mexp (—a?t§/4)

o~

y(w) = f(w — wo)
21 &

Y(w) == Z S(w —27mn/T)

T n=—oo
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Convolution theorem

Ifz(t) = /Oo x(T)y(t—1)dr = /Oo x(t—1)y(t)dr  =x(t) xy(t) then Z(w)=7%(w) Y(w).

—00 —00

Conversely, xy = X % /2.

Parseval’s theorem

/Oo yi(t) y(t) dt = % /oo 7 (w) ¥(w) dw (if y is normalised as on page 21)

Fourier transforms in two dimensions
V(k) = / V(r)e kT d2r

= / 2rrV (r)Jo(kr) dr  if azimuthally symmetric
0

i i i i Examples
Fourier transforms in three dimensions _
% —ik-r 33 V(T) (k)

V(k) :/V(r)e &r 1 1

i Amr 2

= 4_71 / V(r) rsinkr dr if spherically symmetric 47[);\/ K
o R
V() = /V(k) ek dk yo- e
o VV(r) ikV (k)
V2V(r) | —KV(k)

22



15. Laplace Transforms

If y(t) is a function defined for t > 0, the Laplace transform ¥(s) is defined by the equation

7(5) = £{y()} = [ e y(r) at

Function y(t) (t > 0)

Transform 7(s)

sin wt
cos wt
sinh wt

cosh wt

e "y(t)
y(t—1)0(t — 1)
ty(t)
dy

/tx(’r) y(t—7)dr
0
/Otx(t — 1) y(r) dt

[Note that if y(t) = 0 for ¢ < 0 then the Fourier transform of y(t) is y(w) =7

Delta function

1
1 . .
3 Unit step function

(82 — a?)

Y(s+a)
e " Y(s)

Convolution theorem

(iw).]
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16. Numerical Analysis

Finding the zeros of equations

If the equation is y = f(x) and x, is an approximation to the root then either

f(xn)

T T )
n

o)~ ) O

are, in general, better approximations.

Or, Xpt+1 = Xn —

Numerical integration of differential equations

dy _
If FPi f(x,y) then
Ynt1 = Yn + hf(xn/ yn) where h = x,11 — xp,

Putting y2+1 = Yn + hf(xn/ yn)

hf (X, yn) + f(Xni1, Y i)
2

then  yui1=yn+

Central difference notation

(Newton)

(Linear interpolation)

(Euler method)

(improved Euler method)

If y(x) is tabulated at equal intervals of x, where # is the interval, then 8y, /2= Yn+1 — Yn and

8 yn = dYni1/2 = OYu-1y2

Approximating to derivatives

(%) ~ Yn+1 — Yn ~ Yn — Yn—1 ~ 5yn+1/2 + 6yn—1/2

dx h h 2h
ﬂ  Ynt+1 — 2Yn + Yn-1 - 62}/71
dx2 ), "~ h2 o

Interpolation: Everett’s formula

_ 1- — 1
y(x) = y(xo + 6h) =~ Oyo + Oy1 + 56(92 —1)8%yo + 59(92 —1)8%y; + - -

where h = x,11 — x,

where 0 is the fraction of the interval i (= x,.1 — x,,) between the sampling points and 6 = 1 — 0. The first two

terms represent linear interpolation.

Numerical evaluation of definite integrals

Trapezoidal rule

The interval of integration is divided into n equal sub-intervals, each of width /; then

[ 0 ar s [+ fn) e fla) 4 3 F0)
where h = (b —a)/nand x; = a + jh.

Simpson’s rule

The interval of integration is divided into an even number (say 2n) of equal sub-intervals, each of width h =

(b —a)/2n; then

[ £ e B @) 41 0) + 2 () + 48 (9) 4 4 2f () + 4 (x2a) + )
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Gauss's integration formulae

1 n
These have the general form / y(x) dx = Y ciy(x;)

Forn=2: x;==£0-5773; c¢;=1,1 (exactfor any cubic).
Forn=3: x;= —0-7746,0-0,0-7746; c; = 0-555,0-888,0-555 (exact for any quintic).

17. Treatment of Random Errors

1
Sample mean X = ;(xl + X2+ xy)
Residual: d=x—%

1
Standard deviation of sample: s= ﬁ(d% +d3 4 d2)?
Standard deviation of distribution: o = ! - (d3+d3+-- -dﬁ)l/ 2

A/ n N

1
Standard deviation of mean: Oy = o A2+ d2+ ... d2)1/2
1 2 n
v nn—1)
N et
nn—1) n

Result of n measurements is quoted as ¥ % o,.

Range method

A quick but crude method of estimating o is to find the range r of a set of n readings, i.e., the difference between
the largest and smallest values, then

o —.

Vn

This is usually adequate for n less than about 12.

Combination of errors

If Z=Z(A,B,...) (with A, B, etc. independent) then

2 (9Z N\, [z \?
(07)" = A4 + 5578 + -

So if
(i) Z=A+B=+C, (07)*> = (04)> + (08)* + (0¢)?
.. o o7\2 (04 2 0\ 2
(i) Z=ABorA/B, (7> = (7) + (f)
(i) Z=A", “Z—Z = m‘%
: o
(iv) Z=1InA, oy = XA
(v) Z=expA, 9z _ oA
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18. Statistics

Mean and Variance

A random variable X has a distribution over some subset x of the real numbers. When the distribution of X is
discrete, the probability that X = x; is P;. When the distribution is continuous, the probability that X lies in an

interval 8x is f(x)dx, where f (x) is the probability density function.
Mean p = E(X Zleor/ (x) dx.

Variance 0> = V(X) = E[(X — p)*] =} Pi(x; — p)* or /(x — )2 f(x) dx

Probability distributions

Error function:  erf(x) = — / eV dy

Binomial: = ( ) “Ywhereq = (1—p), w=np,0*>=npqg,p<1l.
COn: _® K

Poisson: f(x) = e and 0% =

Normal: flx) = M]

oV2m P [ 20?

Weighted sums of random variables

If W = aX + bY then E(W) = aE(X) + bE(Y). If X and Y are independent then V(W) = a*V(X) + b*V(Y).

Statistics of a data sample xq,...,x,

1
1 X=—) X
Sample mean ¥ = — ) x

Sample variance s* = %Z(xi — %) = (E fo) — 2 = E(x?) — [E(x)]?

Regression (least squares fitting)

To fit a straight line by least squares to 1 pairs of points (x;, y;), model the observations by y; = o + S(x; —

where the €; are independent samples of a random variable with zero mean and variance 0.

Sample statistics: s2 = %Z(xi —X)?, 55 =— Z(%’ —-7)?, Siy = %Z(xi —%)(yi — 7).

Estimators: & = 7, B = 2 E(Yatx) =&+ B(x —X); 62 = . " 5 (residual variance),
X

1 ~ 5 —
where residual variance = - YA{yi—a—B(xi— X)}2 =52 — =L

y 2
SX
02 02
Estimates for the variances of & and /3 are — and —.
n ns2
2
. .. ~ Sxy
Correlation coefficient: p = r = —=.
SxSy

X) + €,
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